Each Gr-functor of the type (ϕ, f ) of a Gr-category of the type (Π, C) has the obstruction be an element k ∈ H 3 (Π, C). When this obstruction vanishes, there exists a bijection between congruence classes of Gr-functors of the type (ϕ, f ) and the cohomology group H 2 (Π, C). Then the relation of Gr-category theory and the group extension problem can be established and used to prove that each Gr-category is Gr-equivalent to a strict one.
Introduction and Preliminaries

Introduction
A monoidal category can be "refined" to become a category with group structure when the definition of an invertible object is added (see [5] , [8] ). Then, if the background category is a groupoid, we have the definition of a monoidal category group-like (see [2] )), or a Gr-category (see [9] ).
The structure of a Gr-category relates closely to the group extension problem and the group cohomology theory. Each Gr-category is Gr-equivalent to its reduced Gr-category. That is a Gr-category of the type (Π, A, ξ), where Π is a group, A is a Π-module and ξ is a 3-cocycle of Π, with coefficients in A. Therefore, we can classify Gr-categories of the type (Π, A) with the cohomology group H 3 (Π, A). This result has been applied and extended in some studies on graded extension, where Gr-categories are called categorical groups (see [1] ).
In this paper, let us consider the Gr-functor classification problem. This problem can be reduced to consider Gr-functors of Gr-categories of the type (Π, A). Each such Gr-functor is a functor of the type (ϕ, f ). Conversely, each functor of the type (ϕ, f ) induces an element in the cohomology group H 3 (Π, A), called the obstruction of the functor of the type (ϕ, f ). When this obstruction vanishes, Gr-functors exist and can be classificated with the group H 2 (Π, A).
The definition of the obstruction of Gr-functors relates to the definition of the group extension problem. Applying these 2 theories, we can prove that an arbitrary Gr-category is equivalent to a strict one. (The analogous problem for a monoidal category can be solved in many different way (see [4] )).
Elementary concepts
Let us start with some elementary concepts of a monoidal category.
A monoidal category (C, ⊗, I, a, l, r) is a category C together with a tensor product ⊗ : C × C → C; an object I, called the unitivity object of the category; and the natural isomorphisms
respectively, called the associativity constraint, the left unitivity constraint and the right unitivity constraint. These constraints must satisfy the Pentagon Axiom 1) and the Triangle Axiom
A monoidal category is strict if the associativity a and unitivity constraints l, r are all identities.
Let C = (C, ⊗, I, a, l, r) and
′ is a triple (F, F ,F ) where F : C → C ′ is a functor,F is an isomorphism from I ′ to F I, and F is a natural isomorphism
satisfying following commutative diagrams
′ is a natural transformation α : F → G, such that the following diagrams
commute, for all pairs (X, Y ) of objects in C. An monoidal isomorphism is a monoidal transformation as well as a natural isomorphism.
A monoidal equivalence between monoidal categories is a monoidal functor F : C → C ′ , such that there exists a monoidal functor G : C ′ → C and natural monoidal isomorphism α : G.F → id C and β : F.G → id C ′ .
C and C ′ are monoidal equivalent if there exists a monoidal equivalence between them.
A reduced Gr-category and canonical equivalences
Let C be a Gr-category. Then, the set of congruence classes of invertible objects Π 0 ( C) of C is a group with the operations induced by the tensor product in C, and Π 1 (C) of automorphisms of the unitivity object I is an abel group with the operation, denoted by +, induced by the composition of the arrows. Moreover, Π 1 (C) is a Π 0 (C)-module with the action
The reduced Gr-category S of a Gr-category C is the category whose objects are the elements of Π 0 (C) and whose arrows are automorphisms of the form (s, u), where s ∈ Π 0 (C), u ∈ Π 1 (C). The composition of two arrows is induced by the addition in Π 1 (C) as follows
The category S, equivalent to C thanks to the canonical equivalence, is built as follows. For each s = X ∈ Π 0 (C), we choose a representative X s ∈ C and for each X ∈ s, we choose an isomorphism i X : X s → X such that i Xs = id. The family (X s , i X ) is called a stick of the Gr-category C. For any (X s , i X ), we obtain two functors
The functors G and H are equivalences of categories together with the natural transfor-
They are called canonical equivalences.
With the structure conversion (see [8] ) by the quadruple (G, H, α, β), S can be equiped with the following operation to become a Gr-category
The Gr-category S has the unitivity constraint be strict and the associativity constraint be a normalized 3-cocycle ξ in Π 0 (C) with coefficients in Π 0 (C)-module Π 1 (C). Moreover, the equivalence G, H become Gr-equivalences together with natural transformationsG
The Gr-category S is called a reduction of the Gr-category C. We also say that S is of the type (Π, A, ξ) or simply the type (Π, A) when Π 0 (C), Π 1 (C) are, respectively, replaced with the group Π and the Π-module A.
2
The obtruction and classification of Gr-functors of the type (ϕ, f )
In this section, we will show that each Gr-functor (F, F ) : C → C ′ induces a Gr-functor F on their reduced Gr-categories, and this correspondence is 1-1. This allows us to study the Gr-functor existence problem and classify them on Gr-categories of the type (Π, A). First, we have
induces the pair of group homomorphisms
The pair (F 0 , F 1 ) is called the pair of induced homomorphisms of the Gr-functor (F, F ). Let S, S ′ be, respectively, the reduced Gr-categories of C, C ′ . Then, the functor F :
is called the induced functor of (F, F ) on reduced Gr-categories.
Proposition 2. Let F be the induced functor of the Gr-functor
commutes, where H, G ′ are canonical equivalences, and therefore F induces a Gr-functor.
In order to prove this proposition, we consider the two following lemmas Lemma 3. Let C, C ′ be ⊗-categories with, respectively, constraints (I, l, r) and
′ be a ⊗-functor which is compatible with the unitivity constraints. Then, the following diagram
commutes, whereF is the isomorphism induced by (F, F ).
Proof. It is clear that γ I ′ (u) = u. Moreover, the family (γ A ′ (u)), A ′ ∈ C ′ , is a morphism of the identity functor id C ′ . So the above diagram commutes.
Lemma 4. If the assumption of Lemma 3 holds, we have
Proof. Consider the following diagram
In this diagram, the regions (4) and (5) commute thanks to the compatibility of the functor (F, F ) with the associativity constraints. The region (3) commutes thanks to the definition of γ A (image through F ), the region (1) commutes by Lemma 3. The region (2) commutes thanks to the naturality of the isomorphism F . Therefore, the outside commutes, i.e.,
The proof of Proposition 2.
It is easy to verify that K(s) = F (s), for s ∈ Π 0 (C). We now prove that K(s, u) = F (s, u) for each arrow u : I → I :
Since
According to Lemma 4, we have
Besides, since the family (γ A ′ ) is a natural equivalence of the identity functor id C ′ , the following diagram
Now we describe the Gr-functors on Gr-categories of the type (Π, A)
be Gr-categories and (F, F ) be a Gr-functor from S to S ′ . Then, (F, F ) is a functor of the type (ϕ, f ).
Proof. For x, y ∈ Π, F x,y : F x ⊗ F y → F (x ⊗ y) is an arrow in S ′ . It follows that F x. F y = F (xy), so the function ϕ : Π → Π ′ , defined by ϕ(x) = F (x) is a group homomorphism on objects.
Assume that F (x, a) = (F x, f x (a)). Since F is a functor, we have
It follows that
So f x : A → A ′ is a group homomorphism for each x ∈ Π. Besides, since (F, F ) is a ⊗-functor, the diagram
commutes for all u = (x, a), v = (y, b). Hence, we have
Applying the relation (2.1) for x = 1, we obtain f y (a) = f 1 (a). Thus, f y = f 1 for all y ∈ Π. Set f y = f and use (2.1'), we obtain
Note that if we regard Π ′ -module A ′ as a Π-module by the action xa ′ = F (x).a ′ , then from (2.1), (2.3), it results f : A → A ′ is a homomorphism of Π-modules.
To find the sufficient condition to make a functor of the type (ϕ, f ) become a Gr-functor, let us present the definition of obstruction as in the case of Ann-functors (see [7] ).
The function k = ϕ * ξ ′ − f * ξ is called an obstruction of the functor of the type (ϕ, f ).
Since ( F x,y = (F (xy), k(x, y)) : F x.F y → F (xy), where g : Π 2 → A ′ is a function, we may identify F with k and call k the associated function with F . Then, we have:
is a 3-coboundary of the group Π with coefficients in the Π-module A ′ . Therefore,
Take F x,y be associated with k(x, y), we can see that (F, F ) is a Gr-functor.
Consider the case in which the obstruction of the functor F of the type (ϕ, f ) vanishes, we have 
is a Gr-functor, there exists a bijection
is a Gr-functor, then from Theorem 5, F = (ϕ, f ) and
where k is the associated funtion with F . Let k be fixed. Now if
is a Gr-functor of the type (ϕ, f ), then G ≡ g and
So k − g is a 2-cocycle. Consider the correspondence:
between the set of congruence classes of Gr-functors of the type (ϕ, f ) from (Π, A, ξ) to (Π ′ , A ′ , ξ ′ ) and the group H 2 (Π, A ′ ). First, we will show that the above correspondence is a function. Indeed, suppose that
is a Gr-functor of the type (ϕ, f ), and α : G → G ′ is a Gr-natural transformation, then for all x, y ∈ Π, the diagram Gx.Gy
commutes. From the definition of the tensor product in the category (Π ′ , A ′ ), we have
where g, g ′ are, respectively, associated functions with G, G ′ .
′ are 2-cocyles and α is an 1-cochain, it implies)
. We now prove that Φ is an injection. Suppose that
are Gr-functors of the type (ϕ, f ) and satisfying
Then, there exists an 1-cochain and such that
Finally, we will show that the correspondence Φ is a surjection. Indeed, assume that g is an arbitrary 2-cocycle. We have
Then, from Theorem 6, there exist the Gr-functor
of the type (ϕ, f ) and the functorial isomorphism G = (
be a Gr-functor and α ∈ Aut(F ). Then, the equality (2.4) implies that δα = 0, i.e., α ∈ Z 1 (Π, A ′ ).
3 The relation between a Gr-category and the group extension problem
In this section, we built a Gr-category of an abstract kernel and apply it to create the constraints of a Gr-category strict.
The Gr-category A G of the group G
For the given group G, we construct a Gr-category A G whose objects are elements of the group of automorphisms Aut(G). For the objects α, β of A G , we denote
where µ c is the automorphism induced by c. For the arrows c :
Then, the category A G is a strict Gr-category with the tensor product defined by
The following proposition describes the reduced Gr-category of the Gr-category of an abstract kernel.
Theorem 8. Let (Π, G, ψ) be abstract kernel and ξ ∈ H 3 (Π, Z(G)) be its obstruction. Let S ′ = (Π ′ , C, ξ ′ ) be the reduced Gr-category of the strict one A G . Then
and ψ * ξ ′ belongs to the cohomology class of ξ.
Proof. From the definitions of the category A G , and reduced Gr-categories, we have
We just have to prove that ψ * ζ ′ = ζ. Indeed, let (H, H) be a canonical Gr-equivalence from S ′ to A G . Then, the diagram
Hr,s⊗id
commutes for all r, s, t ∈ Π ′ . Since Au G is strict, we have
Together with the definition of H, we obtain H(•, c) = c, ∀c ∈ C. The fact that the diagram (3.1) commutes gives us
where h s,t = H s,t is a function from Π ′ × Π ′ to G. For the abstract kernel (Π, G, ψ), we choose the function ϕ = H.ψ : Π → Aut(G). Clearly,
is a morphism in Au G , for all x, y ∈ Π, we have
where f (x, y) = H ψ(x),ψ(y) . So the pair (ϕ, f ) is a factor set of the abstract kernel (Π, G, ψ). So, there exists an obstruction k(x, y, z) ∈ C = Z(G) satisfying
From the supposition, k = ζ. Now for r = ψ(x), s = ψ(y), t = ψ(z), the equality (3.2) becomes
The equivalence between a Gr-category and a strict one
Using Theorem 8 and Theorem of the realization of the obstruction in the group extension problem, we prove the following theorem Theorem 9. Each Gr-category is Gr-equivalent to a strict one.
First, we prove the following lemma Lemma 10. Let C ′ be a strict Gr-category whose the reduced Gr-category is S ′ = (Π ′ , C ′ , ξ ′ ). Then, for each group homomorphism ψ : Π → Π ′ , there exists a strict Gr-category C, Grequivalent to the Gr-category S = (Π, C, ξ), where C is regarded as a Π-module with the operation xc = ψ(x)c, and ξ belongs to the same cohomological class of ψ * ξ ′ .
Proof. We construct the strict Gr-category C as follows
The tensor product on objects and arrows of C are defined by
The unitivity object of C is (1, I) where I is the unitivity object of C ′ . Readers may easily verify that the category C is a strict Gr-category. Moreover, we have the isomorphisms
and a Gr-functor (F, F ) : C → C ′ is given by
Let F = (F 0 , F 1 ) be the functor induced by (F, F ) on the reduced categories S, S ′ , we have F 0 (x, X) = F (x, X) = X = ψ(x) F 1 (1, u) = γ F (1,I) F (1, u) = γ I (u) = u.
This means F 0 = ψλ and F 1 = f, or F is the functor of the type (ψλ, f ). Now assume that u is the associativity constraint of S. Let (φ, φ) denote the Gr-functor from S to S ′ determined by the composition
for canonical equivalences (H, H), (G ′ , G ′ ). From the Proposition 2, we have φ = F . Besides, from Theorem 6, the obstruction of the pair (ψλ, f ) must vanish in H 3 (Π 0 , C ′ ),
i.e., (ψλ) * ξ ′ = f * u + δ φ
Now if we denote ξ = f * u, the pair J = (λ, f ), J = id is a Gr-functor from S to (Π, C, ξ). Then the composition (J, J) • (G, G) is a Gr-equivalence from C to (Π, C, ξ). Finally, we will prove that ξ belongs to the same cohomological class as ψ * ξ ′ . Let K = (λ −1 , f −1 ) : (Π, C, ξ) → S. Then K together with K = id is a Gr-category, and the composition (φ, φ) • (K, K) : (Π, C, ξ) → S ′ is a Gr-functor.
S S
Clearly, φ • K is a functor of the type (ψ, id) and therefore its obstruction vanishes, i.e., ξ belongs to the same cohomological class as ψ * ξ ′ .
The proof of Theorem 9
Let A be a Gr-category whose the reduced Gr-category is I = (Π, C, ξ), the theorem on the realization of the obstruction (Theorem 9.2, Chapter IV [6] ), there exists the group G whose center is Z(G) = C and such that the abstract kernel Π, G, ψ) has the obstruction S ′ = (Π ′ , C, ξ ′ ), where ψ * ξ ′ = ξ.
From Lemma 10, the homomorphism ψ : Π → AutG/IntG, defines a strict Gr-category C, Gr-equivalent to I = (Π, C, ξ). Therefore, C and A are Gr-equivalent. The theorem is completely proved.
Readers may find a different proof of Theorem 9 in [10] .
